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Abstract: In Discorsi e Dimostrazioni Matematiche su Due Nuove Scienze, 
Galileo Galilei (1564-1642) described in detail his experiments about free 
fall motion, the motion along an inclined plane and the parabolic motion. 
By notes on the subject Stillman Drake (1910-1993) suggested its historical 
account. Recent works proposed that the notion of time received a mathe-
matical treatment and a physical measurement entering into the equations of 
the fall of the bodies. Our paper aims to describe an historical and Nature of 
Science/experimental path on Galilean physics and mathematics. One of us 
(VC) is currently working at a high school in Naples (Italy) with the follow-
ing educational aspects of the present research: analysing Galilean sources 
(about free fall) and secondary literature on the subject.  The main idea is 
starting from the analysis of the pendulum motion and of the water clock 
essential to perform the measurement of time – right in the historical context. 
 
Keywords: Galileo, Free fall, Nature of Science Teaching, History of Phys-
ics. 

1. Introduction 

The overall aim of this work is to address the Nature of Science (NoS)-teaching of sci-
ence (physics, physics-mathematics) and educational aspects of the teaching-learning of 
physics in high school and University, studying both didactic and pedagogical questions 
within/by means of history of science/Nos (physics, mathematics): priority to situate the 
learning difficulties experienced by pupils at the core of educational activity; understand-
ing how historical foundations of science can be used for teaching or pedagogical purpos-
es; proposing to the students an appropriate educational path in a physics measurement 
workshop while respecting the didactics of science (physics-mathematical modelling) by 
means of a historical interdisciplinary approach to the disciplines of science education. 

2. Galilean sources: De Motu and the Ms. 71 of Galileo's Manuscripts (Gal71)  

De Motu Antiquiora is the title of six Latin documents concerning the movement of bo- 
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dies subject to gravity (considered only as a quality) and some of its applications includ-
ing the fall in a medium, along an inclined plane and his first investigations into the mo-
tion of projectiles (still linked to medieval tradition). These writings are contained almost 
entirely in the Gal71 manuscript conserved at the Biblioteca Nazionale Centrale di Firen-
ze (BNCF). They were approximately written by Galileo in Pisa between 1589 and 1592 
and were published for the first time only in the second half of the 1800s. Favaro collect-
ed them together in his first volume of the National Edition of the Works of Galileo (Fa-
varo 1890-1909, I, pp. 251-419). They consist of a treaty of 23 chapters (pp. 251-340), a 
reworking of the first two chaps (pp. 341-343), an essay in ten chapters (pp. 344-366), a 
dialogue (incomplete) concerning the themes of the treaty (pp. 367-408), some notes not 
included in Gal71 manuscript (pp. 409-417) and the work plan (pp. 418-419). At that 
time, the motion could be supposed to be natural or violent, according to the Aristotelian 
school. The natural motion consists of bodies spontaneously moving towards a natural 
place; the violent motion is determined by a force (Ross 1930, De Caelo, 276a). Galileo – 
after criticizing Aristotelian approach – tried this conceptualisation, arguing Archimedes’ 
hydrodynamics (Chalmers 2017). Galilean approach consisted of a speed of a moving 
body – upwards or downward – by natural motion (uniform) that is proportional to the 
difference between the specific weight of the body and that of the surrounding medium 
(Favaro 1890-1909, I, pp. 271-273);1 rejecting the idea of Aristotle who believed that the 
falling speed is proportional to the weight of the body (Ross 1930, Physica, 216a 13-16); 
inversely proportional to the density of the medium (Ross 1930, Physica, 215a 31- 215b 
12) when comparing with Discorsi (Favaro 1890-1909, VIII, pp. 105-117). Galileo, by 
means of his Archimedean approach, considered as possible the motion of a body in vac-
uum, with a maximum but–not–infinite speed as Aristotle’s theory had predicted. In Dis-
corsi, Galileo renounced to any explanation of a dynamic type but further developed his 
considerations on the fall of bodies of the same form but of different nature in fluids of 
different resistance, arriving at a correct description of the motion (as accelerated in a 
first phase and then at constant speed in the second one) arguing by decreasing the re-
sistance of the medium – accordingly with the vacuum, the fall times do not depend on 
the mass of the bodies (Favaro 1890-1909, VIII, pp. 117-119). In NoS, this is a very in-
teresting example of preliminary analysis of a phenomenon and quantities. It helps to un-
derstand what are the fundamental procedures followed by scientists in the formulation of 
a physical law.2 The criticism shared by Galileo of the Aristotelian theory concerning the 
active role of the medium, to justify violent motion (Ross 1930, Physica, 215a 16-18) 
must also be attributed to Benedetti. Both scientists resorted to the notion of vis impressa, 
very close to the medieval one of impetus (and to the modern one of momentum) that did 
not require the application of any additional force to keep a body in motion. The Archi-
medean approach also helped to determine the right expression of the upward force nec-
essary to balance the effect of gravity; see Fig. 1 (left).  

 
1 Hardly was the calculation between two non–homogenous quantities like space and time. In fact, in the 
period of time, they were commented as non–possible to do. 
2 The Archimedean approach and the conclusion that bodies of different masses but of the same type fall with 
the same speed can be found in the years immediately preceding even in the work of Giambattista Benedetti 
(1530-1590); see (Benedetti 1953). 

Atti del XXXVIII Convegno annuale SISFA – Messina 2018 

 

265 

  
 

Fig. 1. Left: proofing of the upward force necessary to balance the effect of gravity along an 
inclined plane. Manuscript Gal 71. Detail of folio 95r. Right: by decreasing the slope of the 
plane ad until the horizon, the sphere e, if subject only to its weight f and to no resistance, can 
be moved by a force less than any given force. Manuscript Gal 71. Detail of folio 97r (with kind 
permission of Biblioteca Nazionale Centrale di Firenze). 
 
In fact, it has to be observed that “the same weight can be drawn up an inclined plane 
with less force than vertically, in proportion as the vertical ascent is smaller than the 
oblique” (Favaro 1890-1909, I, p. 298; Galilei 1960, p. 65).3 Galileo considers bent 
levers moving along a circumference and assumes the motion of a body in a point of 
the lower quadrant of the circle to be equivalent to that of a body descending on a slop-
ing plane tangent to the circle in that point.  

A consequence of the theorem is an earliest formulation of the inertia principle. In-
deed, a spherical body “that does not resist motion […] on a plane parallel to the hori-
zon will be moved by the very smallest force, indeed, by a force less than any given 
force” (Favaro 1890-1909, I, pp. 298-299; Galilei 1960 pp. 65-66); see Fig. 1 (right). 
Therefore, while the spontaneous downward motion along an inclined plane must be 
considered to be natural and the upward movement to be forced, the motion along a 
horizontal plane is neither one nor the other but what Galileo called “neutral motion” 
(Galileo 1960, p. 67, ft. 9). Galileo gave another example of “neutral motion” as that of 
a body that moves undisturbed with uniform circular motion (circular inertia4) around 
the centre of the Universe as the skies and the stars do – in a still geocentric vision – 
along a concentric sphere with the Earth without moving away or approaching its centre 
(Favaro 1890-1909, I, p 305). In Galileo’s opinion, a uniform rectilinear motion, on the 
other hand, occurring in a plane tangent to this sphere, had the problem of not being 

 
3 Galileo gives another proof of the same theorem in Le Meccaniche (Favaro 1890-1909, II, pp. 181-183). 
This paper, devoted to the science of weights (i.e. equilibrium), is also relevant for the study of motion. See 
for example the introduction of the concept of momento which has both static (Favaro 1890-1909, II, pp. 17-
28, 159) and dynamic (Favaro 1890-1909, II, p.68) connotations (Pisano, Gatto 2021, pre-print).  
4 Galileo returned to the concept of circular inertia in Le Mecaniche (Favaro 1890-1909, II, pp 179-180), 
more explicitly in Seconda Lettera sulle Macchie Solari of 1612 (Favaro 1890-1909, V, pp. 134-135) and in 
Dialogo sui Due Massimi Sistemi del Mondo (Favaro 1890-1909, VII, pp. 56-57). In his maturity, in Discorsi 
we find that the terms of principle of inertia are very similar to the modern ones: “[…] any velocity once 
imparted to a moving body will be rigidly maintained as long as the external causes of acceleration or 
retardation are removed, a condition which is found only on horizontal planes” (Favaro 1890-1909, VIII, p. 
243; Galilei 1914, p. 215). However, lacking the theory of gravitation, the Pisan scientist would never be able 
to solve the problem of uniform circular motion (Favaro 1890-1909, VIII, pp. 283-284; Galilei 1914, pp.261-
262).  
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able to preserve for a long time its steady speed because its points were not equidistant 
from the centre of the Earth (Favaro 1890-1909, I, p. 301). 

3. Time and its measure. The Law of Quadratic Proportionality 

A great innovation at the origins of the modern science of mechanics is the emphasis 
given by Galileo to the notion of time achieved through two complementary approaches 
– mathematical and measuring (Abattouy 1992, p. 119; on Galileo see also Palmerino 
2018).5 In order to prove that the naturally descending bodies follow a uniformly accel-
erated motion, Galileo claims to have made a bronze ball for a clean and smooth canal, 
measuring time by a water clock (Favaro 1890-1909, VIII, pp. 212-213). The constant-
flow chronograph, coupled with a fairly sensitive weight scale, was a particularly useful 
tool for Galileo because it can measure short intervals of time in a continuous manner 
in which the uncertainty of the measure is essentially due to the investigator's reflexes 
(Vergara Caffarelli 2009, pp. 211-212). In the letter to Giovan Battista Baliani dated 1 
August 1639, Galileo emphasises the importance of this measuring instrument, but also 
that of using the pendulum for time measurements (Favaro 1890-1909, XVIII, p. 76-
77).  Galileo announced his discovery of the pendulum isochronism in the letter to 
Guidobaldo del Monte dated 29 November 1602 (Favaro 1890-1909, X, pp. 97-100) 
and described, first in the Dialogo (Favaro 1890-1909, VII, pp. 475-477) but, above all, 
in the Discorsi (Favaro 1890-1909, VIII, pp. 128-130, 139-140), some simple experi-
ments about the pendulum that have great educational value.6 So we can suppose that 
Galileo would use the pendulum to get time intervals all equal to each other in order to 
experimentally verify the so-called law of odd numbers,7 stating that a naturally de-
scending body starting from rest, during equal intervals of time, traverses distances 
which are related to each other as the odd numbers beginning with unity (1, 3, 5, …), 
that is, measuring the spaces all from the quiet position and the corresponding time in-
tervals, the spaces traversed are in the ratio of the squares of the times.   

 

 

 
5 We find the concept of time in the description of motion only in the formulation of Kepler's third law and in 
the mathematical description of the spiral as a function of time by Archimedes (Abattouy 1992, p 130; 
Pisano, Bussotti 2017; Pisano, Agassi, Drozdova 2017) as the composition of a uniform rectilinear motion 
and a uniform circular one (Heath [1987] 2002), p. 154).  
6 Pendulum properties can be studied as was done by Galileo through three simple experiments: two 
pendulums – of different masses, with different amplitudes or different lengths – are made to oscillate 
together. The oscillation time changes only in the last case (Galileo suggests a length of four times that of the 
other one, obtaining an oscillation time that is twice of the other).  
7 Drake (1975. pp 100-101) suggested that on folio 107v calculations and diagrams are linked to experimental 
data, in order to confirm the law of odd numbers: “the figures listed in the third column at the top left 
represent very nearly the distances from rest of a ball rolling down an inclined plane at the ends of eight equal 
times. The distances were actual, not theoretical, since they differ slightly from the products of the first 
number, 33, by the square numbers 1, 4, 9, …, 64”. See Fig. 2 (left). Doubts about this interpretation were 
expressed in (Renn et al. 2000) and (Damerow et al. 2004, p. 167, ft. 83).                                       
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Fig. 2. Left: data about the odd numbers law. Gal72. Detail of folio 107v. Right: the measures 
of the ranges of the projectile motion with horizontal initial velocity. Manuscript Gal 72. Detail 
of folio 116v (with kind permission of Biblioteca Nazionale Centrale di Firenze).   

4. The Galilean Manuscript 72  

The Galilean Ms. 72 is conserved at the Biblioteca Nazionale Centrale di Firenze. It in-
cludes his handwritten notes on motion, almost all in the original hand of Galileo (1602-
1637, ff. 33r-194r) and some other sheets concerning with other topics such as an incom-
plete copy of Le Mecaniche (Galilei 1602-1637, ff. 9-26). They range from 1602 to the 
publication of the Discorsi. Favaro published most documents in the footnotes to Discorsi 
or in the Fragments relating to the manuscript (Favaro 1890-1909, VIII, pp. 363-448). 
Drake published them entirely in a probable order in 1979 (Drake 1979). Among the most 
significant folios for educational purposes we can certainly include the previously quoted 
folio 107v relating to the study of naturally accelerated motion and the folio 152r where 
the conceptual change is attested by a falling speed proportional to space to a speed pro-
portional to time (Damerow et al. 2004, 180-197). His experimental notes on the parabol-
ic motion of the projectiles are of particular interest. It is already in Tartaglia’s view that 
the launch angle for the maximum range of the projectile is 45° (Pisano, Capecchi 2015, 
p. 39; Pisano 2020). The first studies on the parabolic trajectory are due to Galileo and 
Guidobaldo del Monte (Renn et al. 2000). Accordingly to Drake and MacLachlan (1975), 
the most significant Galileo’s experiment can be considered an indirect test of the princi-
ple of inertia. The top of folio 116v (see Fig. 2, right) represents the trajectories of a ball 
that, after falling from an inclined plane, is deflected to move initially in the horizontal 
direction. The horizontal motion, ignoring the air resistance, obeys the Galilean inertia 
principle that, in the absence of forces, the ball must continue to move with a straight-line 
motion at constant speed. The ball in the vertical direction is subject to the weight force. 
The result of this composition of movements is a parabolic motion. Along a vertical line 
Galileo recorded the numbers 300, 600, 800, and 1000. They are the heights from which a 
ball is descending along an inclined plane (that has not been drawn). The unit of measure 
taken by Galileo is the point, which is equivalent to 0.9 mm. The table is placed at a 
height of 828 points. Along the horizontal axis are reported the distances, in points from 
the vertical, to which the ball touches the ground for the different heights of the inclined 
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plane. The expected values of such distances (with the deviations from the experimental 
values) cal- 

  
 

Fig. 3. Left: measured ranges of a falling motion with initial velocity in oblique direction. Man-
uscript Gal 72. Detail of folio 114v. Right: reconstruction of the trajectories by a horizontally 
launched ball. Manuscript Gal 72. Detail of folio 81r (with kind permission of Biblioteca Na-
zionale Centrale di Firenze). 
 
 
culated by Galileo are also indicated, assuming the conservation of velocity in the hori-
zontal direction, proportional to the square root of the height of the inclined plane.  

In order to visualize the whole trajectories (not just the impact point with the 
ground), Galileo recorded the intersections of these with multiple parallel planes placed 
at different heights. As shown in folio 81r (see Fig. 3, right), he examined the behav-
iour of a ball that, after falling down along the inclined plane, describes a curved trajec-
tory until it strikes with a plane surface. Galileo recorded the impact points with the 
utmost precision possible for different planes, in order to obtain a set of points in the 
space whose interpolation assumes the shape of a curve, corresponding geometrically to 
a parabola and nowadays described analytically by a second-degree equation (Hill 
1988). On this issue, the analysis of folio 117r is also very attractive (Naylor 1976; Hill 
1979). 

5. A NoS approach  

Other researchers performed, with different purposes, the experiments based on Gali-
leo's writings and laboratory notes (Settle 1961; Vergara Caffarelli 2009; Cerreta 2014). 
At the Liceo Scientifico “Sbordone” in Naples a comprehensive experimental educa-
tional path was identified by one of us (VC) as synthetized in Table 1.  
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Misconcep-
tions of the 
students 

a. Dependence of pendulum swing time on mass and amplitude. 
b. Dependence on the mass of the time of fall of a body in the void. 
c. Direct proportionality between the oscillation period of the pendulum and the length of the string. 
d. Direct proportionality between the speed in a free fall motion and the distance travelled. 
e. The force must continue to act to keep a body in motion. 
f. Direct proportionality between the space travelled along an inclined plane and the time interval 

spent. 
g. Trajectory of the motion of the projectile consisting of a straight line until the initial thrust is 

exhausted and an almost vertical line due to the weight effect. 
h. Straight trajectory of the projectile falling motion with oblique downward velocity. 

Problem-
posing  
 
 
 

a. How could we measure time if we were Galileo? 
b. Does the free fall of bodies in a vacuum depend on the mass?  
c. In the free fall motion, how does the distance travelled depend on the time?  
d. How is it possible to obtain a motion at constant velocity when a body is not subject to forces? 
e. What are the trajectories of a projectile? 

Problem-
solving: the 
units of the 
learning 
path 

a. Let us swing simultaneously two pendulums of different masses, with different amplitude or with 
wires of different lengths. It is observed that the period of one oscillation depends only on the 
length of the wire. The fact that it does not depend on the amplitude of the pendulum oscillation 
during the motion allows us to use the period of oscillation as unit of time measurement (a pendu-
lum length of 25 cm is chosen). To obtain a continuous measurement of time we build a water 
clock. 

b. We drop small balls of different masses first in oil, then in water, then in air by extrapolating their 
behaviour in vacuum. As a further study suggested by Galileo's writings, we can verify if the termi-
nal velocities of objects as they fall through a fluid are proportional to the differences between the 
specific weight of the body and that of the surrounding medium. 

c. We slow the free fall movement by using a 6.75 meters long inclined plane so that we can study 
motion. We do two experiments: we fix the times that are marked by the pendulum and measure the 
spaces travelled; we fix the spaces that must be travelled and measure the corresponding time inter-
vals using the water clock.  

d. We drop a little ball on an inclined plane, varying the height and thus its final speed; then the fall 
motion continues in air preserving a uniform movement in the horizontal direction. If the initial ve-
locity of the ball in air is horizontally directed, we can verify the direct proportional link between 
the range and the square root of the launch pad height. We check whether it is possible to extend 
this study to the case of a initial velocity directed in an oblique direction. 

e. We can measure the range of the ball at different heights of the impact point so as to reconstruct the 
trajectory that it is a parabola. 

Table 1. The historical experimental learning path. 
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plane. The expected values of such distances (with the deviations from the experimental 
values) cal- 

  
 

Fig. 3. Left: measured ranges of a falling motion with initial velocity in oblique direction. Man-
uscript Gal 72. Detail of folio 114v. Right: reconstruction of the trajectories by a horizontally 
launched ball. Manuscript Gal 72. Detail of folio 81r (with kind permission of Biblioteca Na-
zionale Centrale di Firenze). 
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Abstract: The detection on September 14, 2015 at 09:50:45 UTC of the 
LIGO Scientific Collaboration and Virgo Collaboration opened a scientific 
era towards a new cosmology. The physics of waves is one of the main cur-
rent frontier fields of physics, although these detections happened 100 years 
after their predicted existence by Albert Einstein’s (1879-1955) Theory of 
Relativity. Recent roots reach as far back as to Sir William Kingdon 
Clifford (1845–1879). The latter proposed that the nature of space was non-
Euclidean, and worked on the shift in light polarization during an eclipse. 
However, an early mention of gravitational waves per se seems belong to 
Henri Poincaré’s (1854-1912) Sur la dynamique de l’électron (1905) in 
which he talks about the existence of “onde gravifique”. We briefly present 
historical notes on the discovery of gravitational waves as currently object 
of doctoral research by one of us.  
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1. What is the story? 

1.1. On gravitational waves (1920; 1937; 2015-present) 

The LIGO (Laser Interferometer Gravitational-Wave Observatory) and Virgo (Virgo 
Cluster) Scientific Collaborations addressed to the direct67 detection of gravitational 
waves in the emerging field of gravitational waves; science as a tool for astronomy and 
cosmology research, upgrading and exploitation of detectors, in order to inquire the 
fundamental physics of gravity. 

Albert Einstein’s theory of General Relativity made predictions, for instance, about 
the perihelion precession of Mercury, the Universe as dynamic structure, problems with 
trajectory of light (Einstein 1920, pp. 148-159), to name a few, and of course, gravita-

 
67 As in https://www.ligo.caltech.edu/ through the use of interferometers and by opposition of the indirect 
proof of the existence of gravitational waves made by observing the orbital decay of the Hulse-Taylor binary 
pulsar that lead to the Nobel Prize in Physics of 1993. 




