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Abstract: In Physics we are using conventional units, e.g. nowadays the SI 
system. Some physicists, among them G. J. Stoney, M. Planck, and Ch. 
Kittel have introduced into physics the so-called “Natural Units” determi-
ned by universal constants. Since several years I am trying to introduce a set 
of natural units determined by the three Einstein’s constants c, κ = ଼஠ୋୡర  and 
Ʌ. Since long time in Relativistic Cosmology there are already used some 
units determined by c, κ and Ʌ: the Ʌ-force = ଵச ; Ʌ-pressure  of the physical 

vacuum PɅ = Ʌச ; Ʌ-mass density ρɅ= Ʌ𝛋𝐜𝟐 and Ʌ- energy density ρɅ  cଶ = Ʌச . 
In my paper (Kostro 2018) there was published the whole list of Ʌ-units. I 
call them Ʌ- units because they are determined, for the first time, also by 
the cosmological constant. Among them there are the Mega Units (perhaps 
Mega Quanta): of Ʌ-Mass MɅ  = ଵୡమசɅ½ , of Ʌ-Energy EɅ = ଵசɅ½; the Mega 

Quantum of Ʌ-Action HɅ =  ଵୡசɅ . Since some of Ʌ-units can be interpreted 

as de Broglie like Ʌ-period TɅ =  ଵୡɅ½,  Ʌ-frequency vɅ = cɅ½ , Ʌ-ener-

gy EɅ = HɅvɅ and Ʌ-wave length λɅ = ୌɅ୑Ʌୡ and because between the all 

universal constants there ate correlations and interconnections we can ask 
the question whether in the Nature there are perhaps Ʌ-mega waves, Ʌ-
mega fluctuations. We can ask also the question whether the unification of 
the Relativistic Cosmology with QM has to be done rather in the Large 
Scale then in the Small Scale. It will be also indicated that the crucial date 
in the evolution of our Universe i.e. its expansion acceleration about the 9 
billion years after the Big Bang, coincides with the lambda time tɅ ~ 9 
billion years. 
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1. General data regarding the so-called “natural units” and their historical context 

In Physics we use conventional units, e.g. nowadays the SI system. There were physicists 
(Stoney, Planck, Kittel and others) that introduced units called by them “natural units” 
because they are determined by universal constants which govern in our universe and are 
recognized as fundamental and important in the contemporary physics.  
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1.1. Some historical pieces of information about Stoney’s Units 

In 1874 the Irish physicist George Stoney (1826-1911), who is famous for his intro-
duction of the term “electron” to describe the elementary unit of electricity and for his 
calculation of its value from Faraday’s law of electrolysis, introduced his “physical units 
of nature” determined by c – velocity of light, G – Newton’s gravitational constant and e ˗ 
the elementary unit of electric charge. Stoney expressed them in the framework of cgs 
units. Here they are  𝑙 ௦ = ቀீ௘మ௖ర ቁభమ ;  𝑡௦ = ቀீ௘మ௖ల ቁభమ ;     𝑚௦ = ቀ௘మீቁభమ 
The scientific community has recognized his discovery of the “electron” the existence of 
which was proved experimentally in 1897 by Joseph J. Thomson (1856-1940). But 
Stoney personally was convinced that the discovery of his “natural units” is more 
important and therefore he published his paper with the title On the Physical Units of 
Nature (Stoney 1874, 1881 pp. 381-391). 
In the framework of the SI system of units Stoney’ s Units are given by   𝑙௦ =  ቀ௄௘మீ௖ర ቁభమ = 1.38 ∙ 10ିଷ଺𝑚 ;         𝑡௦ =  ቀ௄௘మீ௖ల ቁభమ = 4.605 ∙ 10ିସହ𝑠; 

𝑚௦ =  ቆ𝐾𝑒ଶ𝐺 ቇଵଶ = 1.86 ∙ 10ିଽ𝑘𝑔 

and the quantum of action   ℎௌ =  ௄௘మ௖ = 7.704 ·10 -37 J·s 

where  𝐾 =  ଵସగఌ೚ = 8.99·10 9 Nm2/s2. 

Many known physicist (e.g. Eddington, Schrödinger) indicated that the ratio of Stoney’s 
quantum of action ℎ௦ and Planck’s quantum of angular momentum ℏ = ௛ଶగ gives the 

Sommerfeld fine structure constant  ௛ೞℏ  ~ ଵଵଷ଻ . 

1.2. Some historical pieces of information about Planck’s Natural Units 

At the turn of XIX and XX century, Max Planck (1858–1947) has not only 
introduced his very important constant h = 6.626 ∙ 10-34 J s  called by himself “the 
elementary quantum of action”, but he has also, at the same time, introduced his Natural 
Units determined by three universal constants c – velocity of light, G – Newton’s 
gravitational constant and his constant h (Planck 1899). The scientific community has 
soon recognized the importance of Planck’s constant that became the quantization 
parameter of the new born Quantum Mechanics. But as regards Planck’s Units the scien-
tific community has longtime ignored them. So Planck during 12 years has added to all 
his papers his Units believing that the community will finally recognize also the impor-
tance of his Units. 

Later in order to avoid in theoretical considerations the Mathematical Collapse of the 
whole Universe into a mathematical point the Planck’s units were introduced ad hoc into 
modern cosmology.  
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Especially the cosmologists to avoid the mentioned collapse have recognized their 
importance and nowadays we speak even about the Planck’s era existing at the beginning 
of the cosmic evolution.  

That was done first using the Units introduced by Planck himself with  
h = 6.626 ∙ 10-34 J ∙ s; 𝑙௉  = ቀ௛ீ௖య ቁభమ = 4.05 ∙ 10-35 m;  𝑡௉   = ቀ௛ீ௖ఱ ቁభమ = 1.35 ∙ 10-43 s 𝑚௉  = ቀ௛௖ீቁభమ = 5.45 ∙ 10-8 kg;        𝒯௣ =  ቀ௛௖ఱ௞మீቁభమ   =3,55 ∙ 10ଷଶ  𝐾௢ 

And later using Planck’s Units with  ℏ= ௛ଶగ. In such a way Planck’s era became 2,5 times 
shorter and the governing initial temperature   𝒯௣ became 2,5 times less high.  𝑙௣ =  ቀℏீ௖య ቁభమ = 1,6 ∙ 10ିଷହ𝑚 ;     𝑡௣ =  ቀℏீ௖ఱ ቁభమ = 5,4 ∙ 10ିସସ𝑠 𝑚௣ =  ቀℏ௖ீቁభమ = 2,17 ∙ 10ି଼𝑘𝑔 ;     𝒯௣ =  ቀℏ௖ఱ௞మீቁభమ = 1,41 ∙ 10ଷଶ𝐾௢. 

1.3. Some historical pieces of information about Kittel’s gravitational Natural Units for 
a concrete ponderable mass 𝒎𝑮  

Ch. Kittel (1965, p. 302) has indicated (or better reminded) that for any given 
gravitational mass 𝑚ீ its gravitational length, time and mass are given by 𝑙ீ = ீ௠ಸ௖మ  ;   𝑡ீ = ீ௠ಸ௖య  ;   𝑚ீ = 𝑚 . 

In Kittel’s set of units the quantum of action for concrete 𝑚ீ is given by ℎீ =ீ௠ಸమ௖  and 
hence  𝑚ீ =  ൬ℎீ𝑐𝐺 ൰ଵଶ     and    𝐸ீ =  ቆℎீ𝑐ହ𝐺 ቇଵଶ   
where 𝑚ீ is the gravitational charge of a particle, of a body, of a star or even of the 
gravitational matter embedded, according to the standard model, in a Hubble visible 
sphere. Note that the gravitational length lG is in a strict relation with the so-called 
gravitational radius RG called also Schwartzschild radius. In General Relativity we are 
dealing with three possibilities of RG , indicated by S. Weinberg (1972, pp. 207-208). 
They depend on the used system of coordinates and metric. 𝑅ீ(ଵ) = ଶீ௠ಸ௖మ  ;      𝑅ீ(ଶ) = ீ௠ಸ௖మ  ;      𝑅ீ(ଷ) = ீ௠ಸଶ௖మ  

In the case RG(2) = lG the metric is expressed in its harmonic form.  

1.4. Some historical pieces of information about Natural Units determined by three 
Einstein’s relativity theory constants c,  𝜿 and Ʌ 

In the present paper I am going to introduce a toy-model of some domains of the physical 
reality in which the Einstein’s cosmological constant Ʌ plays its important part. I call it 
toy-model because I shall play with universal constants recognized in our human physics. 
They are the players in the proposed game. My purpose is only to indicate some new 
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aspects connected with the still hypothetical Dark Energy. Of course, the objective 
problems connected with Dark Energy cannot be resolved only by playing with constants. 
They must be resolved first of all by hard sophisticated mathematical work and by always 
more precise observations and experiments. 

Nevertheless playing with universal constants we can sometimes arrive to interesting 

results. For example the coefficients ௖రீ and ௖ఱீ
 composed of two universal constants c and 

G used in General Relativity and Relativistic Cosmology have the dimensions of force 
and power and it is easy to show (Kostro 1999, pp.182-189; 2000, pp. 143-149) that these 
two coefficients have to be considered as the greatest possible limitary force Flim and 
power Plim in Nature 

Flim = 𝒄𝟒𝑮  = 1. 2107 · 1044 N ;    Plim = 𝒄𝟓𝑮  = 3.63 · 1052 W . 

Therefore e.g. we cannot construct an accelerator in which the increase of 
momentum per second and the liberation of energy per second could be greater then ௖రீ

 

and ௖ఱீ
 (Kostro 2010, pp. 165-179). Aristotle and medieval philosophers talked already 

about minima et maxima naturalia. Flim and Plim are maxima naturalia. 

2. The players of the proposed toy-model 

Let’s introduce first the players that I will use frequently in the Ʌ-toy- model of our 
visible universe and its Dark Energy. 
 

a. c – the limitary velocity of transfer of energy and momentum. The velocity of 
light is the best example of such a limitary transfer. 

b. G – gravitational mathematical coefficient introduced by Newton to connect 
the gravitational force F = mg with two gravitationally interacting charges 
m and m inversely to the square of distance ଵோమ ,    F = mg = ீ௠మோమ  . The ratio ௠మோమ  has not the dimension of a force. To receive such dimension we must 
multiply it with the coefficient G.   

 
Note, however, that its inverse ଵீ  = 1. 498 ∙ 1010 kg m-3 s 2 has a specific physical meaning 

in GR. The dimensional analysis of it shows that it is a product of mass density  𝜚 = ௠௟య 

and the square of time t2. Hence ଵீ = ௠௟య 𝑡ଶ = ϱ𝑡ଶ. For example, in the introduced above 
Stoney’s, Planck’s and Kittel’s Units we are dealing with the following relations:  𝜚 p t2 p = 𝜚 s t2 s= 𝜚 G t2G =  ଵீ= 1. 498 ∙ 1010 kg m -3 s 2 

Note that the relation between density and time has also a real physical meaning in the 
whole Universe shown in Friedman’s equations.  

 



Atti del XXXVII Congresso annuale SISFA ‒ Bari 2017      291

c. The physical cosmic meaning of the inverse of the Newtonian gravitational 
constant ଵ ீ . 

 
Since the gravitational constant concerns the whole universe let’s study the part played by 
the relation mass density and square time ଵீ = ௠௟య 𝑡ଶ = ϱ𝑡ଶ in the standard model of the 
Universe in which it is assumed that Ʌ>0 and its geometry is flat and therefore its 
curvature parameter k = 0 . Let’s repeat that the relation ϱ𝑡ଶ is contained as a basic 
mathematical structure in Friedman equations also in the standard model in which on the 
base of recent observations and theoretical consideration the age of the Universe is 
estimated to be 𝑇ுబ= ଵுబ ~ 13,84 billion years i.e,~ 4.367452262 ∙ 1017 s. 

The Friedman equation of the model with k = 0 and Λ> 0 has the following form 
(8 π G 𝜚ீ   /3) +(Λc2/3) – H2 = 0 

(where 𝜚ீ is the average mass density of the gravitational ponderable matter). 
In the standard model the average mass density 𝜚 =  𝜚ீ + 𝜚Ʌ in the universe is 

considered to be equal to the so-called time depended critical density  𝜚௖௥௜௧ . It means that 𝜚 = 𝜚௖௥௜௧ = ଷுబమ଼గீ  and =  ଷ଼గீ బ்మ  because in the standard model the Hubble parameter   𝐻௢= ଵ்ಹబ. The average mass 

density is considered as the sum of the average mass density of the gravitational 
ponderable matter 𝜚ீ and the mass density  𝜚Ʌ of lambda mass corresponding to Dark 
Energy. 𝜚 = 𝜚ீ + 𝜚Ʌ =  𝜚௖௥௜௧ =  ଷுబమ଼గீ =  ଷ଼గீ బ்మ     ~ 9,46 x 10 -27 kg/m3 

Remember that we use in the considered model also the dimensionless density parameters 
ΩG= 𝜚ீ/ 𝜚௖௥௜௧ ;   ΩΛ= 𝜚Ʌ/ 𝜚௖௥௜௧ related between them as follows ΩG + ΩΛ= 1 . On the 
basis of observational WMAP 7-year results ΩΛ = 0,728 ± 0,016  and ΩG = 0,272 ± 0,016. 
It means that in our present day universe we are dealing with about 72% of Dark Energy 
and about 28% of gravitational ponderable matter.  
Which is the relation between the present day critical density 𝜚௖௥௜௧,   and the present day 
square age of our Universe  𝑇଴ଶ ? Is it equal to ଵ ீ ? The ଵ ீ enters in the relation but with a 

dimensionless coefficient. Here it is: 𝜚௖௥௜௧  𝑇଴ଶ = ( ଷ଼𝝅) ଵ ீ ; The dimensionless coefficients 
for  𝜚ீ 𝑇଴ଶ  ,  𝜚Ʌ 𝑇଴ଶ   and also 𝜚Ʌ 𝑡Ʌଶ  have their own dimensionless coefficients used in GR. 
When the age of the universe was equal to 𝑡Ʌ then the coefficient was ቀ ଵ଼𝝅ቁ . Therefore we 

write   𝜚Ʌ 𝑡Ʌଶ =  ( ଵ଼𝝅) ଵ ீ . 
 

d.    κ = 8πG𝑐ିସ  
 
The constant κ is sometimes called Einstein’s gravitational constant. It is the coefficient 
that is a component of his General Relativity equation. It has the dimension of an inverse 
force, as was already indicated, of the lambda force     
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𝐹Ʌ = 𝑐ସ/ 8𝜋𝐺 = ଵ఑ = 4,81 ∙ 10ସଶ N 

As well known in GR we do not speak about gravitational force. Gravitation is considered 
as result of the curvature of space – time. However the GR equation that contains in itself 
the force ଵ఑ in a hidden way is not complete. When we would like to apply it to the whole 
universe there must be introduced into it a centrifugal pressure to avoid the gravitational 
collapse. This pressure consists in the acting of the lambda force ଵ఑ on an inverse surface 

that is just lambda Ʌ. So we see that the force ଵ఑ is not a gravitational force but the Ʌ-

force. It is present in the action Lagrangian   𝑆 = ሾ׬ ଵଶ఑ (𝑅 − 2Ʌ) +  ] ඥ−𝑔𝑑ସ𝑥 . 
Note that from this Lagrangian can be derived the Einstein’s equation of GR with Ʌ 
applied by him to the whole universe.  
 

e. Λ constant.  
 
When Einstein in 1917 applied his General Relativity to the whole Universe he became 
aware that because of gravitation his universe will collapse. But he was convinced that 
the universe is stable. Therefore to introduce equilibrium and stability he introduced an 
anti-gravitational pressure of the vacuum. We are dealing with pressure when a force is 
acting on a surface. In our case it is the lambda force ଵ఑ acting on lambda surface 𝐴Ʌ 𝑃Ʌ = Ʌ௖ర଼గீ = Ʌ఑ ~5,73 ∙ 10ିଵ଴ N ∙ 𝑚ିଶ 

In our human scale it is weak. Some properties of the Dark Energy are considered by 
cosmologists as constant e.g. its density of mass and energy. 
The lambda pressure 𝑃Ʌ is known since long time in Relativistic Cosmology, but the 
majority of lambda units that I try to introduce are unknown.   
As regards the cosmological constant Λ. it has the dimension of an inverse surface i.e. a 
unit surface on which the Ʌ - force = ଵ఑  presses. We can obtain it for the standard model 
as result of Friedman eqs. 

Λ = 3ΩΛo /R2Ho = 3ΩΛo / c2T2Ho     ~ 1.28 ·10 -52 m-2   

Where RHo is the present day Hubble radius and THo - the present day Hubble time i.e. the 
present day age of the Universe.                                    

3. The three basic lambda units: Lambda-length, Lambda-time and Lambda-mass 
reminded 

Since Λ has the dimensions of an inverse surface we obtain, in easy way. the Λ - surface. 
Inverting Λ we obtain 

Ʌ - surface            𝐴Ʌ =  ଵɅ ~ 7,8 ·  10ହଵ𝑚ଶ 

Since 𝐴Ʌ as unit is a square the Ʌ - length is its side. Hence 
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Ʌ - length            𝑙Ʌ = ଵɅ½ ~ 8,84 ∙ 1025 m  ~  9,34 billion light years 

Since 𝑙Ʌ = 𝑐𝑡Ʌ  hence      𝑡Ʌ =  ଵ௖Ʌ½   ~ 2,95 ∙ 1017s  ~  9,34 billion years 
As we can see 𝑙Ʌ and 𝑡Ʌ are extremely large especially with respect to Stoney’s  𝑙௦ and  𝑡௦ 
and Planck’s 𝑙௉ and 𝑡௉ which are extremely small.  
Ʌ - mass as unit can be derived in simple way writing the product of Ʌ - mass density  𝜚Ʌ 
(known since longtime in the standard model) and of Ʌ - volume as unit 𝑙Ʌଷ          𝑚Ʌ =  𝜚Ʌ𝑙Ʌଷ = ௖మ଼గீɅ½   =   ଵ௖మ఑Ʌ½     ~ 4.75 ∙ 1051

 

kg  

In the same way we derive the unit Ʌ - energy  𝐸Ʌ  writing the product of Ʌ - energy 
density  𝜚Ʌ𝑐ଶ (known also since longtime in the standard model) and of Ʌ -volume as unit 𝑙Ʌଷ   𝐸Ʌ = 𝜚Ʌ𝑐ଶ𝑙Ʌଷ = ௖ర଼గீɅ½ = ଵ఑Ʌ½    ~  4,27 ∙ 10଺଼ J          

They are also extremely large especially with respect to Stoney and Planck mass and 
energy. In my paper (Kostro 2018) I introduced the whole list of Ʌ - Units.  
Among the Ʌ - units there are (1) the Ʌ - Mega Quantum of Action 𝐻Ʌ =  ଵ௖఑Ʌ  ~ 1.35 · 1086  J· s. ~ 8.42 · 1095  GeV· s 

and (2) the Ʌ - Mega Quantum of Angular Momentum  ′𝐻Ʌ = ଵଶగ௖఑Ʌ ~ 2,15·  1085  J· s . 

They look esthetically very well because in them there is an inverse of the three 
Einstein’s constants c, κ and Ʌ. But have they any physical meaning? Does correspond to 
them anything in the physical reality? Can we attribute a kind of spin to all visible 
spheres? Let’s now put them in their historical context. 

4. Some historical data concerning the introduction and physical meaning of the 
quantity called action 

The physical quantity called action has been introduced into classical physics by Pierre 
Louis Moreau. de Maupertuis (1698-1759). He also introduced the principle of the least 
action. In order to understand the physical meaning of the new quantity let me first 
introduce some historical data concerning the evolution of the dynamical conception of 
the physical causality in classical physics and its impact on modern physics. To visualize 
the evolution let’s use the following schedule  
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 cause  effect
Newton F = ma

Descartes FΔt = m Δv
Leibniz FΔl = 𝑚𝑣ଶ2  

Maupertuis FΔl Δt = ma Δl Δt
W Δt = 𝐸௞௜௡ Δt
I Δl = m Δv Δl

 
According to Newton the category of cause is represented by the force F itself and the 
category of effect by acceleration a. Descartes was of the opinion that the category of 
cause is represented by the impulse of the force FΔt because according to him the force to 
be able to do something must act during certain time  interval and the effect manifests 
itself in the increase of momentum m Δv, Leibniz was of the opinion that the category of 
cause is represented by the work FΔl done by force because according to him the force to 
be able to do something must act along certain path and the effect manifests itself in the 
increase of kinetical energy ௠௩మଶ . Finally Maupertuis has shown that the acting force in 
order to do something must act along certain path and during certain time. So in his 
definition of the physical cause we are dealing with the acting force that has its path and 
time of acting. He gave to FΔl Δt = W Δt = I Δl the name «action».   

We are dealing with action not only in an accelerated motion considered above but 
also in all other kinds of motion because in all kinds of movement we are dealing with a 
transfer of momentum and energy along certain spatial distance (path) and during certain 
time (time interval) and also with a transfer of angular momentum in rotational motion 
when the angle of rotation changes.  

The known Polish physicist Czesław Białobrzeski has often pointed out that action is 
the richest in meaning physical quantity because the notion of action expresses a physical 
dynamical process, in which the dynamical quantities are connected with space-time 
parameters: 

 
                  dynamical quantities                    space-time parameters 

action  =  momentum                 ×          path 
action  =  energy                       ×          time   
action  =  angular momentum   ×         angle  of translation 
action  =  force                          ×         path × time 
action  =  work                          ×         time 
action  =  impulse of force        ×         path 

 
At the beginning of XX century the quantic nature of action and angular momentum in 
the micro-world was discovered. This quanta are interpreted sometimes as fundamental 
physical events because we deal in such cases with quantic transfer of energy and 
momentum along a certain distance and during certain time interval and also with a 
quantized transfer of angular momentum in rotational motion when the angle of rotation 
changes. 
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Maupertuis formulated also the “Least Action Principle” describing the trajectory in 
space and time of the transfer of energy and momentum However, when the variational 
calculus has been introduced into the formulation of the mentioned principle it has been 
discovered that action is submitted to a larger variational principle because it is not only a 
minimum but, in certain cases, it can be also a maximum. Therefore it is now more 
correctly to call it principle of extremal action. It is often called also principle of 
stationary action. Since the Planck’s quanta of action and angular momentum h and ℏ and 
Stoney’s quantum of action ℎௌ, which govern in the micro-world, are extremely small (h 

= 6.626 ∙ 10-34 J ∙ s ; ℏ= ௛ଶగ.= 1.054 ∙ 10-34 J ∙ s and hS =  K ௘మ௖  = 7,69 ∙  10-37 J ∙ s) we can 
ask the question whether the Ʌ- Mega Unit of Action, which is extremely Large 
(𝐻Ʌ =  ଵ௖఑Ʌ ~ 1.35 ∙ 1086  J∙ s  ~ 8.42 ∙ 1095  GeV∙ s), is the Mega Quantum of Action which 
governs in the Large Scale–World.  

The stationary (extremal) principle of action mentioned above was central in the 
classical physics and remains central in modern physics being applied in the theory of 
relativity (special and general), in quantum mechanics and quantum field theory. 
In General Relativity applied to the cosmos i.e. with Einstein’s cosmological constant Ʌ 
the Lagrangian of action has the following form.   𝑆 = ሾ׬ ଵଶ఑ (𝑅  −2Ʌ) +    ] ඥ−𝑔𝑑ସ𝑥 

Where ଵ఑ is the lambda force, R is the Ricci curvature scalar, Λ is Einstein’s cosmological 

constant, the term  is describing any matter fields appearing in the theory and g = det 
(𝑔ఓఔ) is the determinant of the metric tensor. 
When we introduce the lambda unit of action into the action Lagrangian of GR then it 
looks as follows 𝑆 = ሾ𝐻Ʌ׬ (𝑅 Ʌ௖ଶ  −Ʌଶc) +  ] ඥ−𝑔𝑑ସ𝑥  

In such a way we can see how the action in General Relativity with Λ depends in a natural 
way on the Λ - mega unit of action. This aspect is here explicitly shown.  

5. Toy-point-observers 

Like Boltzman has introduced his demon and Schrödinger his cat let me introduce the 
toy-point- observers that exist in every point of our universe from the beginning and have 
eyes looking in all directions. Each of them has his sphere of observation, his visible 
sphere. The background radiation is seen in each visible sphere as their visible horizon 

Their visible universes are a spherical volumes (balls) centered on a toy-observer. 
Every location of a toy observer in the Universe has its own visible universe, which may 
or may not overlap with the one centered on Earth. The radius  𝑅௢ of each visible sphere 
increases with time. The present day 𝑅௢  is for each observer about 13, 84 billion light 
years long. Each visible sphere is a ball causally bounded because of the limitary velocity 
c. The horizon of each toy observer runs away with the velocity c. In the expanding space 
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of the Universe the causally bounded observation spheres can be separated, can touch or 
partially cover (overlap) each other.  

Cosmologists has introduced also another observable sphere called Hubble sphere in 
which it is shown how far the observed galaxies are really now. The edge of the 
observable universe conceived in such a way is about 46,5 billion light years away. So the 
diameter of the Hubble sphere is about 93 billion light-years long.  

According to our present day knowledge our universe is flat at least in the scale of 
our visible sphere and therefore we can use with great approximation to such a sphere the 
Euclidian equation V = (4/3)π 𝑅ଷ. So, when the age of the universe was equal to the Ʌ - 
time the Ʌ - sphere volume was 𝑆Ʌ = ସగଷ(Ʌభ/మ)య  ~ 3,22 ∙  10଻଼𝑚ଷ. 

When we “turn back our clocks” then we can imagine the past. The visible spheres 
would become smaller and smaller and the toy-point-observers would be closer and 
closer to each other. But there are minimal limitary distances between them. In Planck 
system of units the Planck length is such a limitary distance. 

6. Crucial age in the evolution of our universe. The new acceleration of its expansion 
called by some cosmologist the second inflation that took place about 9 billion years 
after the Bing Bang does it coincides with the lambda time? 

Every point in the universe (from which the universe becomes “visible” when we connect 
with it “a toy-point-observer”) is the center of the centrifugal pressure that is the source of 
the expansion of the universe in all directions. The accelerating expansion of the universe 
manifests itself in the observation that the universe expands at an increasing rate, so that 
the velocity at which a distant cluster of galaxies is receding from the observer is 
continuously increasing with time. The accelerated expansion was discovered in 1998, 
Cosmologists at the time expected that the expansion would be decelerating due to the 
gravitational attraction of the matter in the universe. The observations have proved the 
opposite. It is estimated that the second inflation began about 9 billion years after the 
Bing Bang. So the expansion of the universe is thought to have been accelerating since 
the universe entered its dark-energy-dominated era roughly 5 billion years ago. 

It is interesting to note that just at the crucial age the radius of the universe was about 
9, 34 billion light years long (i.e. it was equal to the Ʌ − length  𝑙Ʌ = ଵɅ½ ~ 8,84 ∙ 1025 m) 
and the age of the universe was about 9, 34 billion years old (i.e. it was equal to Ʌ - time 𝑡Ʌ =  ଵ௖Ʌ½   ~ 2,95∙ 1017s . Let’s add that in the crucial event Ʌ - time became fully real and 
the Ʌ −  length  as well. Thus we can say that the age of the accelerating expansion of 
the universe and the Ʌ - time coincide. At the crucial age of the universe 𝑇ା = 𝑡Ʌ =  ଵ௖Ʌ½ 

also the Mega Quantum of Action 𝐻Ʌ = ଵ௖఑Ʌ fully occurred. The lambda force  ଵ఑ acting in 
all directions along the crucial radius of the causally bounded visible universe 𝑅ା = 𝑙Ʌ = ଵɅ½ during the crucial age of the universe 𝑇ା = 𝑡Ʌ =  ଵ௖Ʌ½ does perform the Mega quantum 

of Action 𝐻Ʌ =   ଵ఑ ∙ ଵɅ½ ∙ ଵ௖Ʌ½ = ଵ௖఑Ʌ ~1.35 ∙ 1086  J ∙ s). If we assume the interpretation that 
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quanta of action have to be considered as physical events then at the beginning of the 
crucial era a Mega Physical Event happened. At the crucial event there appeared also the 
lambda portions of energy as unites  𝐸Ʌ = 𝜚Ʌ𝑐ଶ𝑙Ʌଷ =  ௖ర଼గீɅ½  =  ଵ఑Ʌ½      ~  4,27 ∙ 10଺଼ J 
(i.e. lambda energy contained in a Ʌ - volume forming an Euclidian cube with the side  
equal to 𝑙Ʌ =  ଵɅ½ ) and the portions of  the corresponding Ʌ - mass units 𝑚Ʌ =  𝜚Ʌ𝑙Ʌଷ =௖మ଼గீɅ½  =   ଵ௖మ఑Ʌ½  ~ 4.75 ∙ 10ହଵ 

 

kg contained in the same Ʌ - volumes. 

6.1. Which was the proportion between the Dark Energy and Gravitational Ponderable 
Matter at the crucial age 𝑻ା = 𝒕Ʌ of the Universe?   

At the crucial age 𝑇ା = 𝑡Ʌ =  ଵ௖Ʌ½  the so-called critical density of the Universe was 𝜚௖௥௜௧ା =  ଷுశమ଼గீ =  ଷ଼గீ శ்మ =  ଷ଼గீ௧Ʌమ   . Then the a-dimensional density parameters ΩΛ+= 𝜚Ʌ/ 𝜚௖௥௜௧ା= 0,33 and ΩG+ = 𝜚ீ/ 𝜚௖௥௜௧ା = 0,66. It means that at the crucial age of the Universe 
there were 33% of Dark Energy and 66% of Gravitational Ponderable Matter.  

Nevertheless the centrifugal pressure of Dark Energy overcame the gravitational 
attraction of the ponderable matter. Why? The gravitational interactions are interactions 
between masses of the ponderable matter. So we can assume that at the crucial age the 
half part of the ponderable matter interacted with the second part. We can divide the 
matter inside the causally bounded sphere doing symmetrical sections of the sphere into 
two hemispheres, Such hemispheres interact on the average at the distance equal to the 
radius of the sphere 𝑅ା=𝑙Ʌ =  ଵɅ½. At the crucial age the Kittel’s gravitational action, is 

given by 𝐻ீା =  ீ௠ಸశమ௖  where 𝑚ீା  is the half part of 𝑀ீା. Simple mathematical 

transformations and calculations show that 𝐻ீା = ுɅ଼గ = ଵ଼గ௖఑Ʌ and that, applying the 

Newtonian approximation, the 𝐹 ା=  ிɅ଼గ =  ଵ଼గ఑ As we can see the gravitational 
interactions began then to be 8π times weaker than the Ʌ - pressure and so the second 
inflation could develop. Note that the quantity of Dark energy increases when the radius 
R of the causally bounded sphere increases. The radius is raised to the third power 
according to the equation  𝐸Ʌ௢ = 𝜚Ʌ𝑐ଶ𝑅௢ଷ. 

6.2. Will there be a second crucial age in the evolution of our Universe when it enters 
in the age  equal to 2 𝒕Ʌ i.e. when our Universe will be 18,68 billion years old? Will 
then begin a second crucial epoch 𝑻ାା ? 

On the one hand when the lambda epoch like era began the quantity of the Dark Energy 
permanently increases. On the other hand the gravitational ponderable matter becomes 
permanently rarified and therefore the gravitation attraction is becoming weaker and 
weaker. What will be happen when our Universe will enter in the age 𝑇ାା = 2𝑡Ʌ =  ଶ௖Ʌ½   ~18,68 billion years?  Will it change its topology? Now in the standard model (i.e. with 
the curvature parameter k=0 and Ʌ>0) it is considered to be flat. Will it change its 
curvature parameter into k=+1 or k =-1? These are open questions. Note that at the 



Ludwik Kostro 298

second crucial age 𝑇ାା = 2𝑡Ʌ =  ଶ௖Ʌ½  the so-called critical density of the Universe will be 𝜚௖௥௜௧ାା =  ଷுశశమ଼గீ =  ଷ଼గீ శ்శమ  = ଷ଼గீ(ଶ௧Ʌ)మ = ଷ఑௖ర(ଶ௧Ʌ)మ . Since (2𝑡Ʌ)ଶ = ସ௖మɅ   we obtain finally 𝜚௖௥௜௧ାା =  ଷɅ𝒄𝟐ସ×଼గீ = ଷɅସ఑௖మ . The mass density of Dark Energy is treated in the standard 

model as constant  𝜚Ʌ =  Ʌ௖మ଼గீ   =   Ʌ఑௖మ = const . Let’s now calculate the a-dimensional 

density parameter ΩΛ = 𝜚Ʌ/ 𝜚௖௥௜௧ାା = 
Ʌഉ೎మయɅరഉ೎మ = ସଷ = 1,33. As we can see 𝜚Ʌ is greater than 𝜚௖௥௜௧ାା. What does it mean? I ask the question to the scientific community.   

Let’s conclude Stoney’s and Planck units play an important part especially at the 
beginning of the Universe instead the lambda units in its evolution that is still 
investigated.  

7. The proposed toy-model fits to a certain extent with Louis de Broglie relativistic 
wave mechanics that was introduced at the historical beginning of QM  

Perhaps we have to start with de Broglie wave mechanics of large scale. De Broglie 
started with the assumption that hv = mc2 . Let’s follow him taking into account the Ʌ - 
Units. 𝐻Ʌ𝑣Ʌ = 𝑚Ʌ𝑐ଶ = 𝐸Ʌ  ~ 4,41 ∙ 1068 J  where 𝑣Ʌ =  ଵ௧Ʌ (i.e. ones every 9.34 billion 

years) and the lambda wavelength is then equal to lambda length 𝜆Ʌ = 𝑙Ʌ  = ுɅ௠Ʌ௖      ~ 

9,34 billion light years and the lambda wave period is equal to lambda time  𝑇Ʌ = 𝑡Ʌ = ுɅாɅ  ~ 9,34 billion years. 
Let’s repeat that the lambda mass 𝑀Ʌ is not a ponderable gravitational mass. The 

Dark Energy is a pure energy and its corresponding mass is not a rest mass. The lambda 
wave can be treated by the toy-observers in their visible spheres as a spherical wave the 
front of which is running away with the velocity c . Its frequency 𝑣Ʌ = 1/ 𝑇Ʌ= 𝑐Ʌ½ =(𝑐ଶɅ)½  ~ 3,27 ∙  10-18s-1 . 

Let’s return to Maupertuis operational definitions of the physical dynamical cause 
considered as physical action:  F · Δl · Δt (i.e. product of the acting force and path and 
time of its acting) or W · Δt  (work · time) or I · Δl (impulse of force · path).  

Let’s now apply them to the causality of Dark Energy. Its repulsive action caused by 
the centrifugal lambda force FɅ = ଵ఑   in all directions along the radius  R+ = lɅ and during 
the time T+  = lɅ of expansion was with respect to each chosen toy- point observer in our 
Universe when our Universe was 9,34 billion years old. Then in every causally bounded 
observational sphere a lambda quantum of action 𝐻Ʌ occurred. There (i.e. in every 
causally bounded observational sphere) occurred also a mega quantum of centripetal 
action of the ponderable matter 𝐻ீା = ுɅ଼గ   ~ 5.37 ∙ 1084  J ∙ s ~ 3.35 ∙ 1094 GeV∙ s. So 
when the first crucial epoch happen two mega quanta occurred in the visible causally 
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bounded spheres in the Universe. In the micro-world there are working the Planck’s and 
Stoney’s quanta of action which are extremely small. Perhaps in the large-scale-world 
there are working large-scale quanta of action which are extremely large.  

Since in each visible sphere the distribution of the ponderable matter  (Dark Matter 
and Ordinary  Matter) is very random and  lambda stands in relation with the  metric 
tensor Ʌg, with its components ( 𝑔ఓఔ ) therefore we can try to introduce Mega Heisenberg 
uncertainties relations  concerning Dark Energy and Ponderable Matter. That is only my 
suggestion 

 
        Δ 𝐸Ʌ Δ 𝑡Ʌ ≥ 𝐻Ʌ               𝛥 𝐸ீ 𝛥 𝑡ீ ≥ 𝐻ீ 
         Δ 𝑝Ʌ Δ 𝑙Ʌ ≥ 𝐻Ʌ                     𝛥 𝑝ீ 𝛥 𝑙ீ ≥ 𝐻ீ 

 
Can 𝐻ீ that occured also at the crucial moment be considered as constant or is it 

time dependent because the density of ponderable matter slows down. Both of them 
occurred at the critical crucial moment. Can the two constants 𝐻Ʌ and 𝐻ீ become 
paramiters of the future quantisation in mega scale? I am not able to answer this question? 
That is an open question that I ask the scientific community. When the answer will be 
“Yes” then we can try to introduce the Heisenberg like mega uncertainty relations. At the 
crucial moment the first lambda mega quantum of action 𝐻Ʌ occured. The density of the 
ponderable matter mass and energy began to decrease. Perhaps the unification of the 
Relativistic Cosmology with QM has to be done in the mega scale domain and not in the 
micro scale one. 

8. Final remarks 

Gravitational and lambda interactions are entirely negligible and insignificant in the 
micro world of the elementary particles and at the beginning of the universe evolution. 
But they are very significant in the mega scale among celestial bodies, galaxies and 
especially among the clusters of galaxies and therefore 𝐻Ʌ and 𝐻ீ play their part in Mega 
Scale. Note that the gravitational waves were discovered when great black holes collided. 
Perhaps lambda fluctuations will be discovered in large scale phenomena like e.g. the so-
called second inflation. When the age of the universe will arrive to 2𝑡Ʌ what will happen? 
The future generations will answer the question. 

We must be aware that mathematical models of reality are not the reality but only our 
mental constructions that help us in our cognition of the reality. The mathematical model 
of the atom of hydrogen is not an atom of hydrogen as well as the mathematical model of 
our universe is not the universe. 

All our mathematical models contain approximations and sometimes dangerous sim-
plifications. We must control and investigate the degree of approximation and simpli-
fication. We must control if the degree of approximation and simplification are still 
admissible and therefore good or bad. In a good theory the degree of approximation 
should be the highest possible and the degree of the bad simplification the lowest 
possible. 
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Perhaps the introduced in my paper toy-model belongs to models created only by my 
human fantasy and Einstein if he was present at our congress he would get a loud laugh of 
it.  
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